We consider a system of two spins that are coupled via an isotropic Heisenberg Hamiltonian. For the first time, a two-step method for the preparation of an arbitrary quantum state of two qubits in the form of the Schmidt decomposition is proposed. The simplified version of this method is applied to the physical system of an atom having with a nuclear spin 1/2 and one valence electron. As an example, the preparation of two-spin quantum states in the 31 P system is considered.
Introduction
Physical implementation of quantum computation requires systems isolated from their environment, for providing a high degree of quantum coherence [1] . States of these systems must be measured with high fidelity. Physical systems, which have high rate of quantum coherence and that can be measured with high accuracy, were suggested in many papers: electron spins in quantum dots [2, 3, 4] , electron spins in a semiconductor [3, 5, 6, 7, 8, 9, 10, 11] , superconducting qubits [12, 13, 14, 15] and the 31 P donor in silicon [16, 17, 18, 19, 20, 21, 22] .
Manipulation of spin particles is essential for spin-based quantum calculations. The spin resonance techniques [23] for coherent control of spin particles [5] is well-developed, therefore wide attention has been attracted to spin qubits [24, 25, 26, 27] . Fast manipulation and long-lived coherence of spin particles make electron-nuclear spin systems promising candidates for quantum computing.
There is growing interest in spin systems with the electron-nuclear interaction, such as bismuth in silicon [28] or hydrogen in silicon [29] , but the most popular system is a phosphorus donor in silicon [16] . Interest in quantum computation on a phosphorus donor in silicon has increased after publication of the paper [16] . In this article a scheme for implementation of a silicon-based nuclear spin quantum computer was presented. The 31 P has one nuclear spin (I = 1/2) and one electron spin (S = 1/2). Therefore, it can be considered as a two-qubit system [16] . Long coherence time of the electron [20] and of the nuclear [22, 30] spin of the 31 P donor in silicon makes them promising building blocks for the realization of a solid-state quantum computer. Electrical detection and a coherent manipulation of the 31 P electronic states [18, 31, 32, 33, 34] and the nuclear states [17, 21, 22] have been shown.
In [35] several new protocols for the controlled remote state preparation (CRSP) by using a five-particle Brown state as a quantum channel were proposed. Primarily, they proposed CRSP protocol of arbitrary two and three qubit states. The CRSP of arbitrary two qubit state is completed by Alice under the permission of Supervisor. Alisa wants to prepare an arbitrary two qubit state to the remote receiver Bob. Supervisor does not know the details of the initial state but decides whether the task should be completed or not. A similar scheme for the remote preparation of arbitrary two-qubit entangled state, where two GHZ states are considered as the quantum channel, was proposed in [36] .
In this paper, we suggest for the first time a two-step method for the preparation of arbitrary quantum state of two qubits (Sec. 2). This method naturally allows to prepare a predefined quantum state in the form of the Schmidt decomposition. At the first step the quantum state driven by an isotropic Heisenberg Hamiltonian, evolves from an initial state to some state which depends on the period of time of the evolution t 1 (Sec. 2). At the second step, at the moment of time t 1 we apply pulsed magnetic fields individually to each spin and obtain the final quantum state (Sec. 2). A simplified version of this method is applied to a physical system of an atom which has a nuclear spin 1/2 and a valence electron (Sec. 3). Conditions necessary for the preparation of some two-qubit quantum state in the 31 P system are represented in Sec. 4. In Sec. 5 we give conclusions.
2 A two-step preparation of quantum states in the form of the Schmidt decomposition
In this section the method for preparing arbitrary quantum state of two spins with an isotropic Heisenberg Hamiltonian is proposed. The method we suggest consists of two steps. At the first step, by using the evolution operator with an isotropic Heisenberg Hamiltonian the state, which depends on the period of time of evolution t 1 , is obtained. At the second step, at the moment of time t 1 we apply pulsed magnetic field individually to each spin and obtain the final state. Let us consider each step in details.
Step I. We assume that a two-spin physical system interacts via an isotropic Heisenberg Hamiltonian with coupling A
where 
and eigenvalue − A 2
with singlet state
The evolution operator for this system takes the form
Here we use the fact that
2 . We seth = 1 and it means that the coupling parameter A is measured in frequency units. Note that the Hamiltonian (1) is a special case of the Hamiltonian considered in our previous paper where the brachistochrone problem for two spin particles was examined [37] . Let us consider evolution of the system of two spins having started from the initial state | ↑↓ . The initial state can be easily created because this state is the eigenstate of the system of two spins in strong magnetic field, which is directed along the z-axis. Note that we do not start from | ↑↑ or | ↓↓ states because these states are eigenvectors of the Heisenberg Hamiltonian (1). Hence, the state, which is a result of the interaction between two spins during period of time t 1 , can be represented in the form
Step II. The state (7) is defined by one real parameter t 1 . An arbitrary quantum state of two qubits contains six real parameters. Due to this fact it is reasonable to apply the pulsed magnetic fields individually to each spin
where δ(t−t 1 ) is Dirac's delta function, n i = (sin θ i cos φ i , sin θ i sin φ i , cos θ i ), φ i and θ i determine the direction of the magnetic field for the first (i = 1) and the second (i = 2) spins, respectively. Dirac's delta function allows us to neglect the interaction between spins when the magnetic field is applied. Indeed, let us consider the operator of evolution for the system of two interacting spins, which is controlled by the external magnetic fields (8) during a sufficiently short period of time τ
If period of time τ tends to zero τ → 0 then the evolution operator U II takes the form
Here we use the fact that σ 1 · n 1 and σ 2 · n 2 commute between themselves and (σ i · n i ) 2 = 1. The first and the second factors in this operator describe quantum evolution of the first and second spins under the external magnetic fields, respectively.
Finally, if the evolution operator U II (9) acts on the state |ψ I (7) we obtain the following quantum state of two qubits:
This state is defined by seven real parameters. But in fact one parameter can be considered as an arbitrary phase of the state and can be omitted. So, the quantum state (10) contains only six independent parameters. For each predefined state of two qubits there exists a defined set of these parameters. The state (10) can be easily represented in the form of the Schmidt decomposition
Single-particle states |α i are related to the first spin take the form:
and |β i are related to the second spin and they take the form:
Here we introduce the following notation:
where
Note that the states belonging to the same spin are orthogonal
and the normalization condition has the form
The single-particle states |α 1 and |α 2 (12) are defined by three real independent parameters |α|, γ and φ 1 . Remember that α and α ′ are connected with each other by the condition |α| 2 + |α ′ | 2 = 1. It is easy to see that the φ 1 takes any values [0, 2π] regardless of the other parameters. Let us show that |α| and γ are independent parameters. From the second equations in (15) and (17) we obtain
The necessary condition to satisfy this equation can be written as sin
From (21) follows that γ takes any value −∞ < tan γ < +∞ regardless of |α ′ |. This proves that this parameters are independent. A similar situation is in the case with |β 1 and |β 2 (13), which also contain three real independent parameters.
Example. Let us find the conditions for the creation of the unpolarized triplet state (4), which is an eigenvector of the Heisenberg Hamiltonian (1). The comparison of (10) with (4) leads to the following set of parameters:
. Let us explain step by step how the unpolarized triplet state can be prepared. At the first step two spins interact during the period of time t 1 = π 2|A|
as (1) and from the initial state | ↑↓ we obtain the following We propose a method of creation of the quantum state using a physical system of the atom which has a nuclear spin I = 1/2 and a valence electron (with the spin S = 1/2). Modern experimental technics do not allow to control individually each spin with help of the pulsed magnetic field considered at the second step of the two-steps method in Sec. 2. Therefore, we propose to examine a simplified version of this method, which is physically applicable. Today, experimental techniques allow to control the evolution of the electron spin using the magnetic field of about mT [38] . It means that value of the interaction between the electron spin and the magnetic field is approximately equals to the value of the hyperfine interaction A. Then, the Hamiltonian, which describes the system of the atom in magnetic field, contains the components that are responsible for description of the interaction of the system with the magnetic field B and the interaction between the electron and the nuclear spins
where n = (sin θ cos φ, sin θ sin φ, cos θ) is a direction of the magnetic field, θ and φ are spherical angles, γ e (or γ n ) is the gyromagnetic ratio of the electron (or nucleus). The Hamiltontian (22) does not allow to prepare arbitrary quantum state of two qubits because it does not contain the sufficient number of parameters. The Hamiltonian (22) has four energy levels
with the corresponding eigenvectors
where |+ = cos . Here, η is the angle between the direction of external magnetic field and actual electron and nuclear spins precession axis [39] . The left (right) ket represents the electron (nuclear) spin state.
The initial state we put as | + − because this allows us to control the system of two spins using the magnetic field directed along the z-axis and to simplify the calculations. The initial state can be prepared if the system of two spins is placed in strong magnetic field (B ≫ A). Eigenvalues and eigenvectors of this system approximately are
because cos ≃ 0 [17, 18, 40] . The electron spin resonance technique easily allows to prepare factorized initial state | + − similarly as it was made in [17] . Now, using the magnetic field B z which is directed along the z-axis we can start preparation of a quantum state on the atom system. The Hamiltonian (22) can be rewritten as follows:
Here we denoted ω − = γeBz+γnBz 2 and ω + = γeBz−γnBz 2 . Operators H xy , H + and H zz commute between themselves. Note that we do not take into account effects which distort the square shape of a pulsed magnetic field. The evolution operator for this system (26) takes the form
Here we use that H 
and
. (36) Using (30)- (33) we obtain
From the analysis of this state it is clear that it contains an arbitrary state on the subspace spanned by | ↑↓ , | ↓↑ (θ = 0)
In other words, state (38) can be reached starting from the initial state | ↑↓ . In turn, state (38) contains the maximally entangled state
when the following conditions are satisfied
where χ is an arbitrary phase.
From the first equation in (40) we find the value of the magnetic field
which allows us to reach the maximally entangled state (39) during the period of time
This equation is obtained from the second equation of (40) using equation (41) .
Application to the

31
P system
The 31 P donor in silicon has the nuclear spin I = 1/2, and at cryogenic temperatures an electron can be caught by this atom. Therefore, a single 31 P donor can be considered as a two-qubit system. Interaction of the 31 P system with the external magnetic field is proportional to their gyromagnetic ratios: γ n = 17.23 MHz T −1 [41] for the nucleus and γ e = 27.97 GHz T
−1
for the electron. Interaction between the nucleus and the electron is defined by the hyperfine interaction A = 117.53 MHz [42] . Long spin coherence time [18, 20, 22] allows us to manipulate this system successfully [18] . Unpolarized triplet state (4) can be easily prepared using the phosphorus donor in silicon starting from the | ↑↓ state, which is an eigenstate of this system in the strong magnetic field B z ≫ A. The creation of an unpolarized triplet state is important because this is the maximally entangled state. The condition for the preparation of the state (4) follows from the equation (39): χ = 0. If we put χ = 0 in the relations (41) and (42) ≃ 19 ns. To reach the unpolarized triplet state from | ↑↓ , the system of the phosphorus donor in silicon is placed in the magnetic field B z ≃ 4.2 mT during the period of time of t ≃ 19 ns. The period of time of the evolution is much shorter than the coherence lifetime 2 s of the electron spin of the phosphorus donor in silicon [20] . Short pulse of the magnetic fields are considered in different areas (see for instance [43, 44, 45] ). The possibility of application of short pulse of the magnetic field on experimental level in our case can be a subject of following studies.
Here, we make a prediction regarding the fidelity with which the quantum gate, that allows to reach an unpolarized triplet state, can be done. These calculations might be useful to experimentalists. The fidelity between two unitary operators for the system of N discrete levels may be represented as a scalar cost function [46] 
where W is the quantum gate which is obtained from (30)- (33) or (34)- (36) using that B z = A γe+γn and t = π √ 2A
. In the matrix representation quantum gate W reads:
If we insert (34)- (36) and (44) in (43) and using that N = 4 we obtain the expression for fidelity in the following form:
The graph of the function (45) is shown in Fig. 1 . Figure 1: The fidelity between the evolution operator U(t) (30) and quantum gate W (44).
Conclusion
The two-step method suggested in this paper allows to prepare an arbitrary quantum state of a two-qubit system. This method naturally allows to prepare the final state in the form of the Schmidt decomposition. At the first step, the quantum state driven by an isotropic Heisenberg Hamiltonian evolves from the initial state | ↑↓ to some state which depends on the period of time of the evolution t 1 . Note that we do not start with | ↑↑ or | ↓↓ states because these states are eigenstates of this system. Then at the second step, at the moment of time t 1 we apply individually to each spin the pulsed magnetic fields (8) and obtain the final quantum state (10) . This state is defined by six independent parameters: period of time t 1 , and parameters which determine the magnetic field for the first and the second spin. For each predefined state of two qubits there exists a defined set of these parameters. We hope that the proposed method can be realized in future because modern experimental technologies do not allow to control individually each spin using the pulsed magnetic field which is used at the second step of the method. Therefore, we propose to consider a simplified version of this method, which is physically applicable. The experimental technique allows to control the evolution of the spins using the uniform magnetic field with Bγ s up to 10
3 MHz (where γ s is the gyromagnetic ratio of the spin) (for example, see [38] ) corresponding to the value of interaction between the nuclear spin I = 1/2 and the valence electron in an atom. Therefore, we consider the evolution of such a system in an external uniform magnetic field oriented along a certain direction. The evolution of this system is determined by four parameters: period of time of the evolution, value of the magnetic field and two angles that define the direction of the field. This approach does not allow to prepare an arbitrary quantum state because the number of parameters determining the evolution of the system is not sufficient. Although, we can create an arbitrary state on the subspace spanned by | ↑↓ , | ↓↑ (38) . The conditions for the preparation of the unpolarized triplet state (4) using the physical system of 31 P were found. Namely, we have shown that the unpolarized triplet state can be reached starting from the initial state | ↑↓ if the magnetic field of about 4.2 mT is applied along the z-axis during the period of time of 19 ns.
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